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The author describes the first implementation of Exploding Dots at
the MSU-Billings Math Circle. The actual itemized agenda of the
session is described, followed by highlights of the session and observations by the author. In particular, as many of the students who
participated were of a younger age, or were otherwise less experienced
mathematically than others, these specific challenges were addressed.
The author offers some insight from their experience conducting this
activity, and advice for those who wish to implement similar activities in their outreach programs.
Keywords: Exploding dots, Math Circle, Global Math Day, Digit
representation

1

Introduction

The first Global Math Week launched in October of 2017 by Dr. James Tanton
and the Global Math Project team [2]. They introduced a curious activity
called Exploding Dots, based on a fictional story of Dr. Tanton’s childhood
[1]. Exploding Dots is a reconceptualization of the representation of numerals
(and polynomials), which allows for a novel way of understanding arithmetic,
algebra and series. The presentation as simply dots “exploding” from one
set of boxes to another allows for an accessible approach to these concepts
regardless of one’s age or background.
In Section 2 I discuss the particulars of our Math Circle. Next, Section 3
describes how our session was carried out, and explains how we implemented
our activity. Then in Section 4, I reflect upon the lessons we learned carrying
out this session.
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The Setting

The MSU-Billings Math Circle serves a range of students in grades four through
eight of a variety of backgrounds. Most of our students come from local public
elementary and middle schools in Billings, MT, but some come from private
schools or are homeschooled. We sometimes have parents and local teachers
participate, and in this session we did have one teacher from a local elementary school participating to get ideas for their own math club. We meet on
a roughly bi-weekly basis for a 1.5 hour session in a reserved classroom on
the campus. The circle activities are selected, designed, and executed by the
author, along with volunteers from amongst MSU-Billings’s Mathematics and
Education majors. Sometimes other faculty help out and join in. Each session
is meant to be a self-contained lesson, and does not rely on having previously
attended other Math Circle sessions. This decision was made to accommodate the busy schedule of the students, who could not necessarily attend every
session. Consequently, the sessions each semester do not have any thematic
connection, beyond that of the mission of the Math Circle: introducing novel
math content in a manner which emphasizes original and creative thinking, as
well as collaboration and discussion.

3

The Activity

The primary goal of this activity was to introduce students to the notion of
base-two and base-n representations of natural numbers. This activity does so
by taking as the mechanics of the “exploding dot machine” the exact properties
of base-n representation, that n groups of any power of n may be regrouped as a
single unit of the next highest power of n. In order for such a representation to
be meaningful, each representation of a number or “final stage” of the machine
must correspond to a unique natural number value and conversely, each natural
number will result in a unique final stage of the machine, regardless of the order
the machine’s mechanics are implemented. This gives us a unique, well-defined
manner in which to represent any natural number as a sequence of dots, which
may be written as a sequence of digits. Our goal was for students to come
to understand how to represent natural numbers in base-n, to confront these
issues of uniqueness and well-definedness, and to resolve them on their own.
Since we had many younger and less experienced students in our circle,
we elected to approach the subject at its most basic level, and examined different base representations of numerals. We adapted an activity originally
implemented by Dr. Brandy Wiegers of Central Washington University [6]
(see Appendix), wherein we personalized the experience for students by using
11
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their names and birthdays as the numerals they would explore. The activity
concluded with the students creating personalized bracelets, color coded by
the digits in the base-two or base-five representations of their birthdays and
names.
By placing students in groups and adopting a hands off approach, we allowed students the opportunities to discover the patterns and properties of
base-two and base-five representations through the 1 ← 2 and 1 ← 5 machines
collaboratively and without direct instruction. The result was a fun and engaging session, with independent discovery of mathematics, true to the spirit
of Global Math Week.
Prior to the session, the student volunteers were asked to watch as much
of the James Tanton Exploding Dots series as they could on their own to
familiarize themselves as much as possible with the mechanics of Exploding
Dots. Although the content we intended to present would not extend beyond
Lesson 1.1 of James Tanton’s Exploding Dots series [3], we wanted to ensure
that the facilitators of this session were familiar and fluent with Exploding
Dots. This was also to ensure that we could present extra material to groups
which finished more quickly should that have been necessary. We met briefly
the day before the activity to go over the content and intended flow of the
activity. These volunteers were regular participants of the MSU-Billings Math
Circle, so they were familiar with our philosophy of allowing the students the
opportunity to work independently and discover the content on their own.
We began the session by sharing James Tanton’s videos, What is Exploding
Dots? [5] and Exploding Dots Lesson 1.1 Tanton [3]. The first video acts as
an advertisement of Exploding Dots as a beautiful and intuitive way to reconceptualize arithmetic and algebra. The second video introduces the 1 ← 2,
1 ← 3 and 1 ← 10 machines, and the basic mechanics of the Exploding Dots.
In the video, James Tanton asks the audience about what would happen to
13 in the 1 ← 2 and 1 ← 3 machines, and we paused then to work out the
solutions. At this point, I drew 13 dots in the first box, and let the students
tell me what explosions I should make until there was none to be made.
Afterwards, we placed students in groups of three to five and encouraged
them to work together and help each other to find the binary representations
of their birth months and days via a worksheet we had provided for them
(see Appendix). We let them select their own groups, which is typical of our
sessions. Many of these students come with friends or family, and others have
made friends in other Math Circle sessions, so we allow students to form the
groups in which they are most comfortable. We have the students work on a
few problems at a time, and then stop and wait for the other students to catch
up. Class-wide discussions were held after problems (6) and (8).
12
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Several student volunteers and I went around just to make sure that the
different groups were on task and to guide them in the right direction if necessary. Prior to the session, I had instructed the volunteers to be as hands off as
possible, and to at most ask guiding questions. Usually, these questions would
take the form of “What would happen if. . . ”, then allowing the groups to have
the chance to discuss amongst themselves. Our goal is to have the students
discover this content on their own as much as possible. We did not assume
that all of our students were familiar with exponents, and so they were advised
to avoid language specifically referring to powers of two. If we noticed in some
groups that students were noticeably frustrated or stuck, we would encourage
them to express their thoughts or ideas and where they were struggling, and
give them a gentle push in the right direction. In this session we had very
little difficulty maintaining momentum from students, which is typical of our
sessions.
We wanted students to not only discover base-two representations on their
own, but also to discover the potential problems with base-n representations,
specifically uniqueness and well-definedness, as well as to resolve them on
their own. Consequently, questions about different “orders” in which one
could explode dots were deliberately left off our worksheet. The students
quickly ran into this issue on their own, in particular while working through
problems (1) through (6). As soon as there were two or more dots in both
the first and second boxes, students began to ask if it mattered what order
in which they conducted the explosions. As each group raised the question, a
facilitator would encourage them to try different ways of exploding the dots
to see if they would achieve different results. In some of the groups, certain
students would have strong differing opinions as to whether or not they could
explode the dots in different orders to get different results. In the end, the
students independently came to the conclusion that they could explode the
dots in any order they chose and that the final result would be the same.
More impressively, they came independently to the conclusion that this was
because each dot in a certain box represented a certain value no matter in
what “order” it was achieved.
After completion of (6), we asked the students as a class to identify what
they noticed about the final state of the 1 ← 2 machine. We chose this point
to ask this question because each group would have worked out numerous
examples, birth day and month of each member of the group. They were able
to state that the results were unique, that each box held at most one dot, and
that the value of each dot was a power of two. Not everyone was familiar with
this language but they were able to express this concept in their own words
(i.e. “you keep multiplying by two.”). At this point, we discussed base-two
13
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binary notation. We examined how the digits in base two notation represented
the number of copies of a power of two, and how the only possible digit values
were zero and one, and compared that to base ten digit representation, where
each digit was a multiple of a power of 10, and only digits zero through nine
were allowed. The students used their own examples to show how the binary
representation of numbers held the same value as the decimal representation.
We then asked the students to fill out the powers of two chart depicted in
item (7) of the activity and to express their birth year in binary. Some students
hesitated using the 1 ← 2 machine to find the binary representation of their
birth year since that would be a lot of dots. So the helpers and I reminded
students that one could directly find the digits of the representation, and used
base-ten as an example.
This was perhaps the most challenging part of the activity. Conceptually,
this seemed to be the most difficult concept to grasp as well as execute, due to
the possibility of minor arithmetic mistakes, and so consequently this was the
longest portion of our activity. However, this part of the activity was perhaps
the most rewarding and satisfying for students. As before, the volunteers and
myself gave minimal directions to the students, and we encouraged them to
consult each other. Each group had a robust discussion on the best way to
find the base-two representation, and each group independently identified the
method where one finds the largest power of two less than the birth year, reexpressing the birth year as a sum of the power of two and a remainder, and
repeating the process for the remainders. Although this took quite a bit of
time, it was extremely satisfying to see each group arrive at this conclusion on
their own. This sort of self discovery is exactly what we had hoped to achieve
with this activity and with the Math Circle.
When students shifted to base-five for item (10) of the activity, they were
quickly able to generalize what they had learned of base-two representations to
base-five, and using powers of five to express their name-sums. The final item
of the activity was for them to take their birth date and name representations
and create a customized bead bracelet with color coded representations of the
digits. Unfortunately, while every student was able to identify their base-two
and base-five representations, we did not have enough time for every student
to finish creating their bracelet.
If some groups finished significantly sooner than others, I or the volunteers
would ask deeper follow up questions to these students, or introduce a different
application of Exploding Dots. We had a group of older students who had
completed the worksheet early. These students were taking an introductory
algebra course, and so we explained how one could represent a polynomial with
Exploding Dots, where the dots represented the coefficient of a polynomial of
14
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a given degree. Then, we showed how one could implement a right to left
exploding machine where if one had a dot in consecutive boxes, we could
“explode” the dots into a single dot (illustrated with an open circle) in the
right-most box, i.e. a x + 1 → 1 machine. We left it up to them to verify that
this was equivalent to polynomial division by x + 1.
So for example the polynomial 2x4 + 2x3 + x2 + 4x + 5 could be represented
as:

By applying a x + 1 → 1 machine to this, we could obtain:

We can then observe that 2x4 +2x3 +x2 +4x+5 = (2x3 + x + 3)(x+1)+2.
We could also have used this machine to obtain:

Then, we may verify 2x4 +2x3 +x2 +4x+5 = (2x3 + 4)(x+1)+x2 +1. This
deviates somewhat from the content of lecture 6.2 of James Tanton’s lessons
on Exploding Dots [4] which involves grouping together the polynomial terms.
Since this was just a bit of extra content while the other groups finished, we
didn’t have very well-defined objectives here, aside from showing them some
novel content, relevant to their current studies, and giving them something to
play with while they waited.
Another group had asked at the end, “What would happen with a 2 ← 3
machine?”. We thought this would be an interesting question and let them
explore this on their own. They struggled with the circumstances under which
there would be three dots in the second box from the right which would explode
into the third, until they realized that a dot in the second box from the right
must have value 32 . Afterwards, they independently conjectured and verified
with a few examples that the dots represented powers of 32 .
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Lessons Learned
Challenges and Successes in Supporting Productive Struggle

We had no problem keeping students interested and their frustration to a minimum. There were a few times students would want to explore some idea on
their own, and we would allow them to do this, but would sometimes have to
remind students that they also needed to complete their given tasks. Overall the most challenging part of this activity was the timing. Since some of
our students are more advanced than others, and some have even seen base-n
representations, there was a fairly large gap between the time it took some
groups to complete the tasks compared to others. For the groups who completed their tasks faster than others, we challenged them and the volunteers to
consider other applications of Exploding Dots, such as polynomials and long
division as described in Section 3. When implementing these extra questions,
we simply asked them while they waited to consider a supplemental problem,
for example “How does this explosion where two dots in side-by-side boxes
turn to a single dot in the right side box connect to dividing a polynomial by
x + 1?” They would be left to ponder this as we checked on other groups, and
we would reconvene and see what progress they had made.
As mentioned, the general binary representation took quite a bit of time,
but it was very satisfying to see these young children discover the methods and
properties of the representation themselves, so I would recommend that this
be allowed to go on for as long as need be. If you find yourself without time
to make the bracelets, perhaps send the students home with the beads and
string, and ask them to bring their completed bracelets to the next session.
4.2

Challenges and Successes in Building Mathematical Learning
Communities and Problem Solvers

By maintaining a hands-off approach, we forced the students to rely on each
other and themselves to resolve conflicts or clarify confusion rather than appeal
to an authority. As described above, this led to a robust discussion within the
groups and in the general class discussion.
For example, when the issue of the order to explode dots came up, we
asked students to come up with their own answer and explanation. The only
guidance we gave was that if they could find a set of dots which, when exploded
in different ways resulted in different ending states, then this would show that
the order in which one exploded dots would in fact matter. The groups would
then be split between people who believed there would be no difference in
16
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final outcome and those who tried to find a counterexample. In the process of
finding a counterexample, students would eventually change their mind and
decide that there would be a unique final state. At this point, we would remind
them that their inability to find a counterexample was not itself proof that
there was none, and they needed to provide a reason that would convince us,
their groupmates, and their classmates.
They would then turn back to their discussions, and at this point most
started delineating properties that a final state had to have, the key one being
that each dot in each box always represented the same value, and that (in
base-two) each box could only have one or zero dots. Then through experimentation, they eventually would realize that given a dot in a box, for another
representation to have the same value, it would have to have a dot in the same
box as well, since the only other way to have that value was to have more dots
of lesser value which wasn’t allowed. Then, necessarily, all the final states had
to be identical. They used their own words to describe this, but knowing that
they had to convince not just us facilitators, but also their classmates, drove
them to find a general explanation that they could communicate to others.

5

Conclusion

The primary challenge of this activity was handling the speeds at which various
groups got through the material. My suggestion here is to work with your
volunteers and overprepare them, and to have follow up questions ready. We
were prepared to ask groups questions on arithmetic in various bases in the
context of Exploding Dots. It may be the case that you decide that the
more personal, intra-group communication is more valuable than the classwide discussions, and that you may just allow each group to work at their
own pace and forego class-wide coordination. This, paired with supplemental
questions for the faster moving groups, will ensure that each group gets the
most out of their experience with Exploding Dots.
In our session, we used M&M’s to represent dots, as we thought this would
be more fun for the students, which it was, but for some it made focus more of
a challenge. We recommend you distribute sugar judiciously for these sessions.
Overall, this is a wonderful activity to engage students and to inspire independent discovery of mathematics (Figure 1, Video 11 ). The differing ages
and backgrounds of the participants turned out to be a feature and not a bug.
The younger students were able to express themselves, correctly, with the vocabulary they were familiar with, and were able to learn other ways to say
1

URL for supplemental video: https://www.youtube.com/watch?v=bXJ41jkse68
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the same things through their groupmates. There was a real sense of joyous
struggle throughout the session; students expressed difficulty and sometimes
frustration at certain points but never despair or defeatism. Placing them
in groups helped create the atmosphere of collaboration and support which
encouraged students to tough it out. The final result was a fun and rewarding session where students overcame their struggles to discover new things in
mathematics on their own.

Figure 1. Left: Abe, Peyton and Zach work on Exploding Dots while Cassie
looks on. Center: Liam, along with undergraduates Wade and Jacob, consider
polynomial long division. Right: Cadien presents her personalized bracelet.

Acknowledgements
Much gratitude is extended to the referees whose comments greatly improved
the paper.
The author would like to thank Dr. Brandy Wiegers, not only for providing
the inspiration for the activity described in this manuscript, but for her tireless
work in supporting Math Circles and other math outreach programs. These
efforts include founding the Pacific northwest math Outreach Web (POW!) of
which the MSU-Billings Math Circle is a part, and serving as a mentor for
the MSRI National Association of Math Circles Mentoring and Partnership
program, whose mentees include the author himself.
Finally, the author would also like to thank Dr. Jenny McNulty for first
roping him into Math Circles as graduate student, and for providing support,
assistance and advice at every stage in his career.

References
1.

The Global Math Project. (2017). The Global Math Project. Retrieved
from https://www.globalmathproject.org/
18

Journal of Math Circles, Vol. 1 [2019], Iss. 1

T. Chih

Journal of Math Circles

2.

Student Research Foundation. (2018, October 10). Global Math Week Exploding Dots. Retrieved from https://www.studentresearchfoundation.
org/blog/%20global-math-week/

3.

Tanton, J. [James Tanton]. (2013, November 7). Exploding Dots Lesson
1.1 [Video File]. Retrieved from https://www.youtube.com/watch?v=
1fXyW1vB4vI

4.

Tanton, J. [James Tanton]. (2017, April 23). Lesson 6.2 of Exploding
Dots [Video File]. Retrieved from https://www.youtube.com/watch?v=
vKG6xNPQWHw

5.

Tanton, J. [James Tanton]. (2017, April 25). What is Exploding Dots?
[Video File]. Retrieved from https://www.youtube.com/watch?v=IMsSe
plZ8hg

6.

Wiegers, B. (2017, October 27). Exploding Dots keep blowing up with the
new Global Math Week! [Blog Post]. Retrieved from https://sites.google.
com/site/drbrandymath/mathcircles/explodingdotskeepblowingupwitht
henewglobalmathweek

19

Journal of Math Circles, Vol. 1 [2019], Iss. 1

T. Chih

Journal of Math Circles

Appendix
The following is the specific activities on the worksheet given to students:
1. What is your birth month (1-12)?
2. Explode your birth month in a 1 ← 2 machine!
3. What is your birth month in binary?
4. What day of the month were you born?
5. Explode your day in a 1 ← 2 machine!
6. What is your day of birth in binary?
7. Figure out what each of the base-2 numbers mean in base-10:

Base 2
12
102
1002
10002
100002
1000002
10000002
100000002
1000000002
10000000002
100000000002
1000000000002
10000000000002
100000000000002

Base 10
1
2
4

8. Can you figure out what your birth year is in binary?
9. Using this code:
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add up all the letters in your name. What is this number?
10. Can you figure out your name number in base-5? Explode your name
number in a 5 ← 1 machine if it will help!
11. Now using:
02
12
space
05
15
25
35
45

White
Black
Yellow
Orange
Red
Purple
Blue
Green

Make your personalized bracelet!
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